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Abstract
The D-dimensional (β, β′)-two-parameter deformed algebra introduced by Kempf
is generalized to a Lorentz-covariant algebra describing a (D + 1)-dimensional quan-
tized spacetime. In the D = 3 and β = 0 case, the latter reproduces Snyder algebra.
The deformed Poincare´ transformations leaving the algebra invariant are identified.
It is shown that there exists a nonzero minimal uncertainty in position (minimal
length). The Dirac oscillator in a (1+1)-dimensional spacetime described by such an
algebra is studied in the case where β′ = 0. Extending supersymmetric quantum me-
chanical and shape-invariance methods to energy-dependent Hamiltonians provides
exact bound-state energies and wavefunctions. Physically acceptable states exist for
β < 1/(m2c2). A new interesting outcome is that, in contrast with the conventional
Dirac oscillator, the energy spectrum is bounded.
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1 Introduction
Many years ago, Snyder [1] proposed to abandon the assumption of continuous spacetime.
In his Lorentz-covariant quantized spacetime, the existence of a natural unit of length forced
him to drop the usual hypothesis of commutativity of coordinates. Later on, he studied how
to deal with the electomagnetic field in such a context [2]. Then, during several decades,
there were only a few works on this subject [3, 4, 5, 6].
Recently, there has been an increasing interest in studying the impact of noncommu-
tativity of coordinates on the properties of quantum systems. It is motivated by several
independent lines of investigation in string theory and quantum gravity, which suggest the
existence of a finite lower bound to the possible resolution of length (see, e.g., [7, 8, 9]). This
would quantum mechanically be described as a nonzero minimal uncertainty in position,
which could be obtained through small quadratic corrections to the canonical commutation
relations [10, 11, 12, 13].
One of the interesting issues arising in such a framework consists in investigating the
influence of the minimal length assumption on the energy spectrum of quantum systems.
Solving quantum mechanical problems with deformed canonical commutation relations,
however, usually turns out to be much more difficult than with conventional ones, so that
only a few cases have been considered in such a context.
An exact solution to the one-dimensional harmonic oscillator problem has been provided
by solving the corresponding Schro¨dinger equation in momentum representation [11]. This
approach has been extended to D dimensions [14]. Some perturbative [15, 16], numeri-
cal [17] or one-dimensional exact [18] results have been obtained for the hydrogen atom.
The harmonic oscillator system, both in one and D dimensions, has also been consid-
ered [19, 20] in the framework of supersymmetric quantum mechanics (SUSYQM) by using
shape-invariance techniques (for some reviews see, e.g., [21, 22]). Such an approach has
been shown [20] to be especially useful when one assumes nonzero minimal uncertainties in
both position and momentum.
The only relativistic problem that has been exactly solved in a deformed space with
minimal length is the Dirac oscillator [23]. This system was introduced in a conventional
framework many years ago [24]. The interest in the problem was revived later on and the
name ‘Dirac oscillator’ was coined to refer to it [25]. Since then, the Dirac oscillator has
aroused much interest both because it provides one of the few examples of exactly solvable
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Dirac equation and because it can be applied to a variery of physical problems (for a list
of rerences see [23]).
As a matter of fact, the deformed algebra with minimal length, introduced in [10, 11,
12, 13] and applied to quantum mechanical problems in [11, 14, 15, 16, 17, 18, 19, 20, 23],
is a nonrelativistic one. This algebra is very similar to Snyder one, but, in contrast with
the latter, it is not Lorentz covariant and therefore violates Lorentz symmetry. In this
paper, we plan to eliminate such an undesirable feature by proposing a straightforward
generalization of the algebra, which is Lorentz covariant and contains Snyder algebra as a
special case.
In section 2, after introducing our new algebra, we determine its transformation proper-
ties under (deformed) Poincare´ algebra and study its predictions regarding minimal uncer-
tainties. In section 3, we consider one of the simplest relativistic quantum systems, namely
the (1 + 1)-dimensional Dirac oscillator, and we calculate its bound-state spectrum and
wavefunctions in the space with minimal length described by our new Lorentz-covariant
deformed algebra. Finally, section 4 contains the conclusion.
2 Lorentz-covariant deformed algebra
To start with, let us review the notations to be used in the present paper. In the conventional
(D+1)-dimensional continuous spacetime, coordinates are denoted by contravariant (D+1)-
vectors
xµ = (x0, x1, x2, . . . , xD) = (x0, xi) = (ct,x) (2.1)
where Greek (respectively latin) indices run over 0, 1, 2, . . . , D (respectively 1, 2, . . . , D).
The corresponding covariant (D + 1)-vectors are given by
xµ = (x0, x1, x2, . . . , xD) = (x0, xi) = (ct,−x) = gµνxν (2.2)
with gµν = g
µν = diag(1,−1,−1, . . . ,−1). Contravariant and covariant momenta are simi-
larly defined as
pµ = (p0, p1, p2, . . . , pD) = (p0, pi) =
(
E
c
,p
)
(2.3)
pµ = (p0, p1, p2, . . . , pD) = (p0, pi) =
(
E
c
,−p
)
= gµνp
ν . (2.4)
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In the coordinate representation of quantum mechanics, the momentum operators read
pµ = ih¯
∂
∂xµ
= ih¯gµν
∂
∂xν
=
(
ih¯
∂
∂(ct)
,−ih¯ ∂
∂x1
,−ih¯ ∂
∂x2
, . . . ,−ih¯ ∂
∂xD
)
(2.5)
while the position operators are replaced by the corresponding variables. We will instead
use here the momentum representation, wherein the position operators become
xµ = −ih¯ ∂
∂pµ
= −ih¯gµν ∂
∂pν
=
(
−ih¯ ∂
∂p0
, ih¯
∂
∂p1
, ih¯
∂
∂p2
, . . . , ih¯
∂
∂pD
)
(2.6)
whereas the momentum variables are substituted for the related operators. The commuta-
tion relations of these operators are given by
[xµ, pν ] = −ih¯gµν [xµ, pν ] = −ih¯δµν . (2.7)
2.1 Generalization of the D-dimensional deformed algebra with
minimal length to a Lorentz-covariant one
The D-dimensional deformed algebra considered in [11, 13, 14] is characterized by modified
commutation relations, which, in the above-mentioned notations, read
[X i, P j] = −ih¯[(1 + βP 2)gij − β ′P iP j]
[X i, Xj] = ih¯
2β − β ′ + (2β + β ′)βP 2
1 + βP 2
(P iXj − P jX i)
[P i, P j] = 0 (2.8)
where β and β ′ are two very small non-negative deforming parameters. It gives rise to
(isotropic) nonzero minimal uncertainties in the position coordinates (∆X i)0 = (∆X)0 =
h¯
√
Dβ + β ′.
In the momentum representation, the deformed position and momentum operators X i,
P i are represented by
X i = (1 + βp2)xi + β ′pi(p · x) + ih¯γpi P i = pi (2.9)
where xi = ih¯∂/∂pi, pi satisfy equation (2.7) and γ is an arbitrary real constant, which
does not influence the commutation relations (2.8). Such a constant, however, affects the
weight function in the scalar product in momentum space
〈ψ|φ〉 =
∫
dDp
[1 + (β + β ′)p2]α
ψ∗(p)φ(p) (2.10)
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where
α =
2β + β ′(D + 1)− 2γ
2(β + β ′)
. (2.11)
These definitions ensure the Hermiticity of the operators (2.9).
To convert the non-Lorentz-covariant algebra (2.8) into a Lorentz-covariant one, let us
replace p2 and p · x in (2.9) by the Lorentz-invariant expressions p2 − (p0)2 = −pνpν and
p · x− p0x0 = −pνxν , respectively. Instead of (2.9), we therefore consider the operators
Xµ = (1− βpνpν)xµ − β ′pµpνxν + ih¯γpµ P µ = pµ (2.12)
which are (D+1)-vectors. A straightforward calculation shows that their commutators are
given by
[Xµ, P ν ] = −ih¯[(1− βPρP ρ)gµν − β ′P µP ν ]
[Xµ, Xν ] = ih¯
2β − β ′ − (2β + β ′)βPρP ρ
1− βPρP ρ (P
µXν − P νXµ)
[P µ, P ν] = 0. (2.13)
We shall assume that, in (2.12) and (2.13), β and β ′ are two very small non-negative
parameters.
As it may be guessed from the (D + 1)-vector notation and as it will be explicitly
checked in section 2.2, the algebra generated by Xµ and P µ is Lorentz invariant. It may be
considered as a generalization of Snyder algebra [1], since the latter is recovered for D = 3
and β = γ = 0.3 It should be stressed that although the nonrelativistic deformed algebra
(2.8) can be obtained from (2.13) by dropping the term (P 0)2 from PρP
ρ = (P 0)2 − P 2,
this procedure is not equivalent to the nonrelativistic limit c → ∞. Hence the Lorentz-
covariant deformed algebra (2.13) is an entirely new algebra, which cannot be reduced to
the nonrelativisitc deformed one, proposed by Kempf.
It can be easily shown that the new operators Xµ and P µ, defined in (2.12), are Her-
mitian with respect to a modified scalar product in momentum space
〈ψ|φ〉 =
∫
dDp
[1− (β + β ′)pνpν ]α ψ
∗(pµ)φ(pµ) (2.14)
where α is now defined by
α =
2β + β ′(D + 2)− 2γ
2(β + β ′)
(2.15)
3The correspondence between our notations and those of Snyder is X0 → ct, X1 → x, X2 → y, X3 → z,
P 0 → −pt/c, P 1 → px, P 2 → py, P 3 → pz, β′ → (a/h¯)2.
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instead of (2.11). In particular, for D = 3 and β = γ = 0, equation (2.15) yields α = 5/2,
in accordance with the corresponding result obtained by Snyder [1].
One may observe that the weight function in (2.14) may become singular if we allow
the energy E = cP 0 = cp0 to take very large values. This indicates that states with
such energies must be considered as unphysical. In other words, the energy of physically
acceptable states satisfies the condition
(β + β ′)(p0)2 < 1 (2.16)
for which the weight function in (2.14) is free from singularities.
2.2 Transformation properties under deformed Poincare´ algebra
To start with, let us consider the effect of a standard infinitesimal proper Lorentz transfor-
mation
X ′µ = Xµ + δXµ δXµ = δωµνX
ν
P ′µ = P µ + δP µ δP µ = δωµνP
ν (2.17)
with
δωµν = −δωνµ ∈ R (2.18)
on the deformed algebra (2.13). The first commutation relation becomes
[X ′µ, P ′ν] = [Xµ, P ν] + [δXµ, P ν] + [Xµ, δP ν]. (2.19)
On inserting (2.17) on its right-hand side and using (2.13), (2.18), we obtain
[X ′µ, P ′ν] = −ih¯{(1− βPρP ρ)gµν − β ′[P µP ν + (δP µ)P ν + P µδP ν]} (2.20)
which can be rewritten as
[X ′µ, P ′ν ] = −ih¯[(1− βP ′ρP ′ρ)gµν − β ′P ′µP ′ν] (2.21)
since P ′ρP
′ρ = PρP
ρ. Hence the first commutation relation in (2.13) is form invariant. A
similar result can be easily proved for the remaining two commutation relations. This ex-
plicitly shows the invariance of our deformed algebra under proper Lorentz transformations.
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The generators Lˆαβ of such transformations, satisfying the properties
δXµ =
i
2h¯
δωαβ
[
Lˆαβ , X
µ
]
δP µ =
i
2h¯
δωαβ
[
Lˆαβ , P
µ
]
(2.22)
are given by
Lˆαβ = (1− βPρP ρ)−1(XαPβ −XβPα) = (1− βPρP ρ)−1(PβXα − PαXβ) (2.23)
and fulfil the standard so(D,1) commutation relations
[
Lˆαβ , Lˆρσ
]
= −ih¯
(
gαρLˆβσ − gασLˆβρ − gβρLˆασ + gβσLˆαρ
)
. (2.24)
We conclude that, as far as proper Lorentz transformations are concerned, everything
works as in the case of conventional canonical commutation relations except for the gen-
erators, which get deformed. It is worth observing that the deformed angular momentum
operators Lˆij for the nonrelativistic algebra (2.8) [11] could be obtained from the corre-
sponding operators (2.23) by dropping the term (P 0)2 from PρP
ρ, as already noted above
for the algebra commutation relations.
Our conclusion can be easily extended to improper Lorentz transformations since the
discrete symmetries, namely parity
P : X0 → X0 X i → −X i P 0 → P 0 P i → −P i (2.25)
and time reversal
T : X0 → −X0 X i → X i P 0 → P 0 P i → −P i i→ −i (2.26)
obviously leave equation (2.13) invariant.
Infinitesimal translations are more difficult to deal with because to ensure that the
algebra commutation relations remain invariant, one has to deform the standard transfor-
mations x′µ = xµ − δaµ, p′µ = pµ into
X ′µ = Xµ + δXµ δXµ = −δaµ − g(PρP ρ)δaνP νP µ
P ′µ = P µ + δP µ δP µ = 0 (2.27)
with
δaµ ∈ R g(PρP ρ) = 2β − β
′ − (2β + β ′)βPρP ρ
(1− βPρP ρ)2 . (2.28)
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As a consequence, if we consider two particles with coordinates xµ1 and x
µ
2 , respectively, the
difference xµ1 − xµ2 , which remains invariant under any conventional translation, is trans-
formed into an operator Xµ1 − Xµ2 , which, under some deformed translation, will change
and become dependent on the momentum operators P µ1 and P
µ
2 of the two particles.
Transformation (2.27) results from the action of the generators
Pˆα = (1− βPρP ρ)−1Pα (2.29)
since δXµ and δP µ in (2.27) satisfy the relations
δXµ =
i
h¯
δaα
[
Pˆα, X
µ
]
δP µ =
i
h¯
δaα
[
Pˆα, P
µ
]
. (2.30)
As in the case of Lˆαβ , the commutation relations of the operators Pˆα
[
Pˆα, Pˆβ
]
= 0 (2.31)
are not disturbed by the deformation. The same is true for the mixed commutation relations
[
Lˆαβ, Pˆρ
]
= ih¯
(
gβρPˆα − gαρPˆβ
)
. (2.32)
The deformed operators Lˆαβ and Pˆα therefore provide us with a realization of the con-
ventional Poincare´ algebra iso(D,1), leaving the commutation relations (2.13) invariant.
Observe that our results extend to the more general algebra (2.13) those recently obtained
for Snyder algebra [26].
2.3 Uncertainty relations
Let us consider the uncertainty relation for position and momentum. Since the deformed
algebra (2.13) is invariant under rotations, it is enough to consider a given pair of position
and momentum components, X i, P i, for some i ∈ {1, 2, . . . , D}. We then get the inequality
∆X i∆P i ≥ h¯
2
∣∣∣∣∣∣1− β

〈(P 0)2〉 −
D∑
j=1
[
(∆P j)2 + 〈P j〉2
]
+ β ′
[
(∆P i)2 + 〈P i〉2
]∣∣∣∣∣∣ . (2.33)
On assuming isotropic uncertainties ∆P j = ∆P , j = 1, 2, . . . , D, for simplicity’s sake,
equation (2.33) yields
∆X i ≥ h¯
2
∣∣∣∣∣∣
1− β
[
〈(P 0)2〉 −∑Dj=1〈P j〉2] + β ′〈P i〉2
∆P
+ (Dβ + β ′)∆P
∣∣∣∣∣∣ . (2.34)
8
From this, it follows that ∆X i has a nonvanishing minimum
∆X imin = h¯
√√√√√(Dβ + β ′)

1− β

〈(P 0)2〉 − D∑
j=1
〈P j〉2

+ β ′〈P i〉2

 (2.35)
provided the quantity between curly brackets on the right-hand side is positive. This
condition is always satisfied by physically acceptable states due to relation (2.16). We
therefore arrive at an isotropic absolutely smallest uncertainty in position given by
(∆X)0 = (∆X
i)0 = h¯
√
(Dβ + β ′) [1− β〈(P 0)2〉]. (2.36)
As compared with Kempf’s result [13], there is an additional factor
√
1− β〈(P 0)2〉 reducing
(∆X)0.
We might also formally use the Heisenberg uncertainty relation for time and energy
to look into the possible existence of a nonzero minimal uncertainty in time. We shall,
however, refrain from doing so, because time-energy uncertainty has a particular status in
quantum mechanics. It does not follow from the commutation relation of two operators
(see, e.g., [27]), but requires a more careful and detailed investigation, which we think is
worth separate papers.
3 (1 + 1)-dimensional Dirac oscillator with Lorentz-
covariant deformed algebra
Since the deformed algebra (2.13) remains invariant under the standard Lorentz transfor-
mations (2.17), (2.18), it is clear that substituting Xµ, P µ for xµ, pµ in the conventional
Dirac equation will provide us with a Lorentz-covariant extension of this equation. In par-
ticular, the proof of the Dirac oscillator Lorentz covariance, given in [28], remains true in
our generalized context. In the present section, we plan to study such a system in the
simplest case, corresponding to a (1 + 1)-dimensional quantized spacetime when one of the
deforming parameters vanishes and the other one is positive, namely β ′ = 0 and β > 0.
Under such conditions, there is a nonzero minimal uncertainty in position.
In momentum representation, the equation to be solved reads
[
αˆx
(
P − imωβˆX
)
+mcβˆ
]
ψ(p, p0) = P 0ψ(p, p0) (3.1)
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where X = X1, P = P 1 and P 0 are given by (2.12) and satisfy the commutation relations
(2.13) for D = 1, β ′ = 0 and β > 0. For the 2× 2 matrices αˆx and βˆ, we can take αˆx = σx
and βˆ = σz, where σx and σz denote standard Pauli spin matrices. Hence, equation (3.1)
can be rewritten as
(σxP −mωσyX +mcσz)ψ(p, p0) = P 0ψ(p, p0). (3.2)
It is convenient to introduce dimensionless position and momentum operators
X˜µ =
Xµ
a
P˜ µ =
a
h¯
P µ µ = 0, 1 (3.3)
where the length unit is a = h¯/(mc). Such operators satisfy the commutation relations
[
X˜0, P˜ 0
]
= −
[
X˜, P˜
]
= −i
{
1− β˜
[(
P˜ 0
)2 − P˜ 2]}[
X˜0, X˜
]
= 2iβ˜
(
P˜ 0X˜ − P˜ X˜0
)
[
X˜0, P˜
]
=
[
X˜, P˜ 0
]
=
[
P˜ 0, P˜
]
= 0 (3.4)
where we have set β˜ = βm2c2. Equation (3.2) now becomes
(σxP˜ − ω˜σyX˜ + σz)ψ(p˜, p˜0) = P˜ 0ψ(p˜, p˜0) (3.5)
where p˜µ = (a/h¯)pµ, ω˜ = h¯ω/(mc2) and
P˜ 0 = p˜0 P˜ = p˜
X˜0 = −if(p˜, p˜0) ∂
∂p˜0
X˜ = if(p˜, p˜0)
∂
∂p˜
f(p˜, p˜0) = 1− β˜[(p˜0)2 − p˜2] (3.6)
with γ ≡ 0.
On separating the wavefunction ψ =
(
ψ1
ψ2
)
in (3.5) into large ψ1 and small ψ2 com-
ponents, the Dirac oscillator equation can be written as two coupled equations
B+ψ2(p˜, p˜
0) = (p˜0 − 1)ψ1(p˜, p˜0) (3.7)
B−ψ1(p˜, p˜
0) = (p˜0 + 1)ψ2(p˜, p˜
0) (3.8)
where, as a consequence of the β ′ = 0 assumption,
B± = P˜ ± iω˜X˜ = p˜∓ ω˜f(p˜, p˜0) ∂
∂p˜
(3.9)
are differential operators in p˜ only (but containing a dependence on p˜0).
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3.1 Energy spectrum
Let us determine for which values of p˜0 equations (3.7) and (3.8) are compatible. For such
a purpose, we note that B± do not act on p˜0 ± 1. Hence, on applying B+ (respectively
B−) to (3.8) (respectively (3.7)) and using (3.7) (respectively (3.8)), we get the following
factorized equation for the large component ψ1 (respectively small component ψ2)
B+B−ψ1(p˜, p˜
0) = e(p˜0)ψ1(p˜, p˜
0) (3.10)
B−B+ψ2(p˜, p˜
0) = e(p˜0)ψ2(p˜, p˜
0) (3.11)
where
e(p˜0) = (p˜0)2 − 1. (3.12)
These equations have the form of energy-eigenvalue equations in SUSYQM [21, 22]. It
should be stressed, however, that the starting Hamiltonian H = B+B− depends on (p˜0)2,
which determines the eigenvalues e(p˜0). Hence, in contrast with conventional SUSYQM,
H is energy dependent. As we plan to show, the shape-invariance method, originally
developed in the usual framework and generalized to deformed algebras with minimal length
in [19, 20, 23], can be applied to energy-dependent Hamiltonians.
For such a purpose, let us consider a hierarchy of Hamiltonians
Hi = B
+(gi)B
−(gi) +
i∑
j=0
ǫj i = 0, 1, 2, . . . (3.13)
whose first member H0 coincides with H . Here
B±(gi) = giP˜ ± iω˜X˜ = gip˜∓ ω˜f(p˜, p˜0) ∂
∂p˜
(3.14)
gi, ǫi, i = 0, 1, 2, . . . , are real and g0 = 1, ǫ0 = 0. The quantities gi, ǫi, i = 1, 2, . . . , will
be determined through a shape-invariance condition
B−(gi)B
+(gi) = B
+(gi+1)B
−(gi+1) + ǫi+1 i = 0, 1, 2, . . . . (3.15)
On inserting (3.14) in (3.15), we directly get the set of two relations
gi+1(gi+1 − β˜ω˜) = gi(gi + β˜ω˜) (3.16)
ǫi+1 = ω˜(gi + gi+1)[1− β˜(p˜0)2]. (3.17)
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Such equations are easily solved. Among the two solutions of (3.16), gi+1 = gi + β˜ω˜
and gi+1 = −gi, we choose the former because, in section 3.2, it will be shown that the
wavefunction normalizability imposes the condition gi > 0. We therefore obtain
gi = 1 + β˜ω˜i (3.18)
ǫi+1(p˜
0) = ω˜[2 + β˜ω˜(2i+ 1)][1− β˜(p˜0)2] (3.19)
for i = 0, 1, 2, . . . . Observe that in contrast with what happens in conventional SUSYQM,
ǫi+1 is not a constant, but a function of p˜
0.
From this, we find that the eigenvalues of the SUSYQM Hamiltonian H = B+B− in
(3.10) are given by
en(p˜
0) =
n∑
i=0
ǫi(p˜
0) = ω˜n(2 + β˜ω˜n)[1− β˜(p˜0)2]. (3.20)
For such a result to be compatible with the definition of e(p˜0), given in (3.12), p˜0 must be
quantized and its allowed values given by
p˜0n,τ = τ
(
1 + ω˜n(2 + β˜ω˜n)
1 + β˜ω˜n(2 + β˜ω˜n)
)1/2
=
τ√
β˜
(
1 +
β˜ − 1
(1 + β˜ω˜n)2
)1/2
(3.21)
where τ = ±1 and n may, in principle, run over n = 0, 1, 2, . . . . On substituting this
expression for p˜0 in (3.12) or (3.20), the energy spectrum of H acquires the form
en ≡ en(p˜0n,τ ) =
(1− β˜)ω˜n(2 + β˜ω˜n)
(1 + β˜ω˜n)2
=
1− β˜
β˜
(
1− 1
(1 + β˜ω˜n)2
)
. (3.22)
On the other hand, since E = cp0 = mc2p˜0, the Dirac oscillator energy spectrum is
given by
En,τ = τmc
2
(
1 + h¯ωn(2 + βmh¯ωn)/(mc2)
1 + βmh¯ωn(2 + βmh¯ωn)
)1/2
=
τc√
β
(
1 +
βm2c2 − 1
(1 + βmh¯ωn)2
)1/2
(3.23)
where the actual values of (n, τ) depend on the existence of normalizable solutions to
equations (3.7) and (3.8). In section 3.2, it will be proved that n = 0, 1, 2, . . . , or n = 1,
2, . . . , according to whether τ = +1 or τ = −1.
From equation (3.23), we see that if β could take values such that β > 1/(m2c2), the
energy spectrum would have an unphysical behaviour in the sense that |En,τ | would decrease
with increasing n. This indicates that the deforming parameter β must satisfy the condition
12
β < 1/(m2c2), in which case |En,τ | will increase with n. Note that this will be confirmed in
section 3.2 by the existence of well-behaved wavefunctions in such a range of β values.
Furthermore, we observe that in contrast with the conventional one-dimensional Dirac
oscillator [29], the energy spectrum is bounded:
mc2 ≤ |En,τ | < c√
β
(3.24)
the upper limit being attained for n→∞. Since E2n,τ < c2/β is equivalent to β(p0n,τ)2 < 1,
this property actually agrees with equation (2.16) to be satisfied by physically acceptable
states. In the case where βmh¯ω ≪ 1, equation (3.23) yields
En,τ ≃ τmc2
(
1 +
2h¯ω
mc2
n
)1/2 (
1− 3
2
β
(h¯ωn/c)2
1 + 2h¯ω
mc2
n
+ · · ·
)
(3.25)
so that when the deformation vanishes, we get back the unbounded energy spectrum of the
conventional Dirac oscillator [29].
Finally, in the nonrelativistic limit h¯ω/(mc2)≪ 1, equation (3.23) leads to
En,τ ≃ τ(1 + βmh¯ωn)−1
[
mc2 + h¯ωn
(
1 +
1
2
βmh¯ωn
)
+ · · ·
]
. (3.26)
One may observe that the quantity between square brackets in (3.26) corresponds to the
nonrelativistic limit of the Dirac oscillator energy spectrum that would be obtained using
the non-Lorentz-covariant Kempf algebra along the same lines as in [23]. The presence of
the additional factor (1 + βmh¯ωn)−1 in (3.26) is another evidence of the novelty of the
Lorentz-covariant deformed algebra proposed in this paper, as compared with Kempf one
(see discussion below equation (2.13).
3.2 Wavefunctions
In this subsection, we will begin by employing SUSYQM methods to calculate the wave-
functions of the Hamiltonians Hi, defined in (3.13). At the end, we will go back to the
determination of large and small components of the Dirac oscillator wavefunction, satisfy-
ing (3.7) and (3.8).
For some given quantized value (p˜0n,τ)
2 of (p˜0)2, let us denote the operators (3.14) and
the functions (3.19) by B±n (gi) and ǫi+1,n, respectively
4. Then, in the case where SUSYQM
4It should be stressed that the operators and functions considered in the SUSYQM approach do not
depend on τ . Such a dependence will only appear when going back to the Dirac oscillator equation, where
τ is interpreted as the energy sign.
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is unbroken and B−0 (g)φ
(0)(g; p˜) = 0 has a normalizable solution, the eigenvalue problem
for H and, more generally, for Hi takes the form
Hφ(n)(g; p˜) = enφ
(n)(g; p˜)
Hiφ
(n−i)(gi; p˜) = enφ
(n−i)(gi; p˜) (3.27)
where, for H and Hi, we substitute B
+
n (g)B
−
n (g) and B
+
n (gi)B
−
n (gi)+
∑i
j=0 ǫj,n, respectively.
Let us first check that SUSYQM is unbroken by considering
B−i (gi)φ
(0)(gi; p˜) = 0. (3.28)
Up to some multiplicative constant, the solution of this first-order differential equation can
be written as
φ(0)(gi; p˜) = [fi(p˜)]
−gi/(2β˜ω˜) (3.29)
where we have set fi(p˜) = f(p˜, p˜
0
i,τ). Such a function is normalizable with respect to the
scalar product (2.14) (with p˜0 → p˜0i,τ ) provided gi > 0, which corresponds to the choice made
in (3.18). In addition, it can be easily shown that for gi > 0, B
+(gi) has no normalizable
zero mode.
In particular, for i = 0, we get for the ground-state wavefunction of H
φ(0)(g; p˜) = [f0(p˜)]
−g/(2β˜ω˜) (3.30)
where g = 1 and f0(p˜) = 1− β˜+ β˜p˜2. It is clear that φ(0)(g; p˜) belongs to the set of physical
states since it is nonsingular for β˜ < 1 or, equivalently, β < 1/(m2c2).
We can now determine the excited-state wavefunctions of H by solving the recursion
relation
φ(n)(g; p˜) ∝ B+n (g)φ(n−1)(g1; p˜). (3.31)
On using the ansatz
φ(n)(g; p˜) ∝ [fn(p˜)]−g/(2β˜ω˜)Pn(g; z) (3.32)
where Pn(g; z) is some function of z = p˜
√
β˜/fn(p˜), such that P0(gn; z) = 1, we obtain that
equation (3.31) is equivalent to
Pn(g; z) ∝
[
(1− z2) d
dz
+
(
1− 2 g1
β˜ω˜
)
z
]
Pn−1(g1; z). (3.33)
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Hence, Pn(g; z) is some nth-degree polynomial in z. Furthermore, comparison with equation
(1.8.21) of [30] allows us to identify it with a Gegenbauer polynomial:
Pn(g; z) = C
(λ)
n (z) λ =
g
β˜ω˜
=
1
β˜ω˜
. (3.34)
Here we have used the fact that replacing g by g1 = g+ β˜ω˜ and n by n− 1 in (3.34) yields
Pn−1(g1; z) = C
(λ1)
n−1(z) with λ1 = λ+ 1.
On collecting the results contained in (3.27), (3.32) and (3.34), we can write the nor-
malizable wavefunctions of H and of its SUSYQM partner H1, corresponding to the same
energy en, as
φ(n)(g; p˜) = [fn(p˜)]
−λ/2C(λ)n (z) (3.35)
φ(n−1)(g1; p˜) = [fn(p˜)]
−(λ+1)/2C
(λ+1)
n−1 (z) (3.36)
where, in (3.35), n runs over n = 0, 1, 2, . . . , whereas, in (3.36), it is restricted to the values
n = 1, 2, . . . .
Let us now go back to the Dirac oscillator problem. From equations (3.10), (3.11) and
(3.15), it is expected that the large and small components of the Dirac oscillator wave-
functions, associated with a given en, be given by equations (3.35) and (3.36), respectively.
However, one should keep in mind that though the solutions of equations (3.7) and (3.8)
provide us with solutions to equations (3.10) and (3.11), the converse is not necessarily true.
Furthermore, it is clear from (3.7) and (3.8) that whereas the solutions of (3.10) and (3.11)
are the same for positive and negative values of p˜0, the large and small components will
have a dependence on the sign of p˜0. Hence, we shall denote them as ψ
(n,τ)
1 (p˜) ≡ ψ1(p˜, p˜0n,τ)
and ψ
(n,τ)
2 (p˜) ≡ ψ2(p˜, p˜0n,τ ).
Let us start with φ(0)(g; p˜), for which (p˜0)2 = 1 and which should correspond to the
large component of the Dirac oscillator ground-state wavefunction. Since B+(g) has no
normalizable zero mode, it is clear that equations (3.7) and (3.8) are fulfilled by
ψ
(0,+1)
1 (p˜) = N
(0,+1)
1 φ
(0)(g; p˜) ψ
(0,+1)
2 (p˜) = 0 (3.37)
for p˜00,+1 = +1, but that they have no solution for p˜
0
0,−1 = −1. In (3.37), N (0,+1)1 denotes
some normalization constant.
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From known properties of Gegenbauer polynomials [30], it is then straightforward to
check that the functions
ψ
(n,τ)
1 (p˜) = N
(n,τ)
1 φ
(n)(g; p˜) ψ
(n,τ)
2 (p˜) = N
(n,τ)
2 φ
(n−1)(g1; p˜) (3.38)
satisfy equations (3.7) and (3.8) for n = 1, 2, . . . , and τ = ±1, provided their normalization
factors are connected by the relation
N
(n,τ)
2 =
2
[
1− β˜(p˜0n,τ)2
]
√
β˜ (p˜0n,τ + 1)
N
(n,τ)
1 . (3.39)
The yet undetermined constants N
(n,τ)
1 , (n, τ) = (0,+1), (1,±1), (2,±1), . . . , can be
calculated from the normalization condition∫ +∞
−∞
dp˜
fn(p˜)
[∣∣∣ψ(n,τ)1 (p˜)∣∣∣2 + ∣∣∣ψ(n,τ)2 (p˜)∣∣∣2
]
= 1. (3.40)
The result reads
N
(n,τ)
1 =
(
p˜0n,τ + 1
2p˜0n,τ
)1/2
A(n)(λ)
A(n)(λ) = 2λΓ(λ)


√
β˜ (λ+ n)n!
[
1− β˜
(
p˜0n,τ
)2]λ+ 12
2πΓ(2λ+ n)


1/2
(3.41)
with 1− β˜
(
p˜0n,τ
)2
= (1− β˜)λ2/(λ+ n)2 and p˜0n,τ given in (3.21). On combining (3.39) with
(3.41), we also get
N
(n,τ)
2 = τ
(
p˜0n,τ − 1
2p˜0n,τ
)1/2
A(n−1)(λ+ 1). (3.42)
Equations (3.30), (3.35)–(3.38), (3.41) and (3.42) therefore yield the whole set of
positive- and negative-energy normalized wavefunctions of the Dirac oscillator in the (1+1)-
dimensional quantized spacetime defined by equation (3.4). As previously shown, such
bound-state wavefunctions exist in the parameter range β < 1/(m2c2). As a final point,
we would like to emphasize that due to the energy dependence of the Hamiltonian, the
standard orthogonality relation between separate bound states is lost. This problem is
one of the many known puzzles inherent in the use of energy-dependent Hamiltonians in
both nonrelativistic and relativistic quantum mechanics (for some recent reviews see, e.g.,
[31, 32]). In the latter context, it appeared along with the Klein-Gordon [33] and Bethe-
Salpeter [34] equations many years ago and it has been the topic of several investigations
(see, e.g., [35]). In view of its complexity, we will leave it for future studies.
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4 Conclusion
In this paper, we have generalized the D-dimensional (β, β ′)-two-parameter deformed alge-
bra with minimal length introduced by Kempf to a Lorentz-covariant algebra in a (D+1)-
dimensional quantized spacetime. In the D = 3 and β = 0 case, it reproduces Snyder
algebra.
We have obtained the deformed Poincare´ transformations leaving our algebra invari-
ant and proved that, in contrast with Lorentz transformations, translations get deformed.
Although the Poincare´ generators acquire a β dependence, they close the usual Poincare´
algebra. The Lorentz generators generalize Kempf deformed angular momentum operators,
while, in the special case of Snyder algebra, all Poincare´ generators retain their undeformed
structure, thereby confirming a recent, independent result.
Our study of uncertainty relations has shown that there exist (isotropic) nonzero mini-
mal uncertainties in the position coordinates (minimal length). As compared with Kempf’s
result, they contain an additional energy-dependent reducing factor.
We have considered one of the simplest relativistic quantum systems, namely the Dirac
oscillator in a (1+ 1)-dimensional quantized spacetime, described by our Lorentz-covariant
deformed algebra with minimal length, in the case where β > 0 and β ′ = 0. Extending
standard SUSYQM and shape-invariance methods to energy-dependent Hamiltonians has
provided us with the exact solutions to the energy-eigenvalue problem for such a system.
We have shown that physically acceptable bound states exist for β < 1/(m2c2). A new
interesting outcome arising from our study has been the energy-spectrum boundedness: in
contrast with the conventional Dirac oscillator, the energy absolute value |Enτ | indeed goes
to a finite limit c/
√
β for n→∞.
In passing we have pointed out two remaining problems for future investigations: on one
hand, a thorough analysis of the time-energy uncertainty, required by its special status in
quantum mechanics, and, one the other hand, an attempt to restore some of the properties
of ordinary quantum mechanics that are spoilt by the energy dependence of the Dirac
oscillator Hamiltonian, such as the orthogonality of bound states corresponding to different
energies.
As a final point, we would like to signal the relevance of interpreting the physical sig-
nificance of the two deforming parameters β, β ′, appearing in our algebra. As we already
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observed, β ′ is connected with Snyder deforming parameter. Furthermore, it has been
shown [36] that the latter can be related through the quantum κ-Poincare´ algebra [37] to
the second observer-independent scale predicted (along with c) by doubly special relativ-
ity [38]. An interesting point would therefore be the search for a physical interpretation of
the remaining parameter β. Among other things, this might provide us with some argument
to implement condition (2.16) on physically acceptable states, which would be stronger than
those given in section 3.
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